Abstract. Let S be the equivalence relation induced by the action SL 2 (Z) (T 2 , λ 2 ), where λ 2 denotes the Haar measure on the 2-torus, T 2 . We prove that any ergodic subequivalence relation R of S is either hyperfinite or rigid in the sense of S. Popa ([Po06] ). The proof uses an ergodic-theoretic criterion for rigidity of countable, ergodic, probability measure preserving equivalence relations. Moreover, we give a purely ergodictheoretic formulation of rigidity for free, ergodic, probability measure preserving actions of countable groups.
Introduction.
In [Po06] , S. Popa introduced and studied an important new notion of rigidity (or relative property (T)) for measure preserving group actions and equivalence relations which proved to be extremely suitable for applications to von Neumann algebras and orbit equivalence. Thus, it was used as a key ingredient to give the first examples of II 1 factors with trivial fundamental group ( [Po06] ) and, very recently, to show that there are II 1 factors whose fundamental group is uncountable, yet different from R * + ( [PoVa08a] ). On the orbit equivalence side, this notion played a crucial part in proving that every countable non-amenable group has uncountably many non-orbit equivalent actions ( [Ep07] , [GaLy07] , [Io07] , [GaPo05] ). The definition of rigidity for group actions and equivalence relations uses the notion of rigidity for inclusions of finite von Neumann algebras ( [Po06] ). The latter is analogous to the notion of relative property (T) for pairs of groups, a connection that we will emphasize. A pair (Γ, Γ 0 ) consisting of a countable group Γ and a subgroup Γ 0 has relative property (T) of Kazhdan-Margulis if any unitary representation of Γ which admits almost invariant vectors must have Γ 0 -invariant vectors ( [Jo05] ). In the case of finite von Neumann algebras, the appropriate notion of representation if that of a Hilbert bimodule ([C80] , [Po86] ). In this context, almost invariant vectors are replaced by almost central vectors. Then we say that an inclusion (B ⊂ M ) of finite von Neumann algebras is rigid (or has relative property (T)) if, roughly speaking, any Hilbert M -bimodule which admits almost central vectors must have a non-zero B-central vector ( [Po06] , [PePo05] , see 1.3).
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Typeset by A M S-T E X 1 A countable, ergodic, measure preserving equivalence relation R on a standard probability space (X, µ) is said to be rigid if the inclusion of L ∞ (X, µ) into the von Neumann algebra L(R) associated with R ([FM77ab]) is rigid. Similarly, a free, ergodic, measure preserving action Γ (X, µ) of a countable group Γ is rigid if the inclusion of L ∞ (X, µ) into the crossed product von Neumann algebra L ∞ (X, µ) ⋊ Γ ( [MvN36] ) is rigid.
The typical examples of rigid group actions come from group theory: given an action by automorphisms of a countable group Γ on a discrete abelian group A, the induced (Haar) measure preserving action of Γ on the dualÂ of A is rigid if and only if the pair (Γ ⋉ A, A) has relative property (T) of ). Specific examples of pairs of groups with relative property (T) are provided by (Γ ⋉ Z 2 , Z 2 ), for any nonamenable subgroup Γ of SL 2 (Z), as shown by M. Burger ([Bu91] , see [Ka67] , [Ma82] , in the case Γ =SL 2 (Z)). For more examples of such pairs see [Sh99a] , [Va05] and [Fe06] . From the above we deduce that if S denotes the equivalence relation induced by the action of SL 2 (Z) on T 2 , then any subequivalence relation R induced by a non-amenable subgroup Γ of SL 2 (Z) is rigid ([Bu91] , [Po06] ).
This result motivated D. Gaboriau and S. Popa ([GaPo05, Remark 3, page 558]) to ask whether any non-hyperfinite ergodic subequivalence relation R of S is rigid, a question which has been repeatedly emphasized over the years by S. Popa in his talks (see [Po07] , for example). The main result of this paper gives an affirmative answer to this question. 0.1 Theorem. Let S be the equivalence relation induced by the action SL 2 (Z) (T 2 , λ 2 ), where λ 2 denotes the Haar measure on the 2-torus T 2 . Then any ergodic subequivalence relation R of S is either hyperfinite or rigid.
When translated to von Neumann algebras, this main result reads as follows: for any subfactor N of L ∞ (T 2 , λ 2 ) ⋊ SL 2 (Z) which contains L ∞ (T 2 , λ 2 ), we have that either N is hyperfinite or the inclusion (L ∞ (T 2 , λ 2 ) ⊂ N ) is rigid. This is because every such N is of the form N = L(R), for some ergodic subequivalence relation R of S ([Dy63]). Now, let us briefly recall previous results and constructions giving examples of rigid equivalence relations. Firstly, S. Popa proved in [Po06, 4.5 .] that if a rigid equivalence relation R is the increasing union of subequivalence relations R n , then R n is rigid for some n. Also, he noticed in [Po06, 4.6 .] that rigidity for equivalence relations is preserved under direct products and by passage to finite index subequivalence relations. More recently, D. Gaboriau showed [Ga08, 1.2] that any free product Γ = Γ 1 * Γ 2 of countable infinite groups Γ 1 , Γ 2 admits a rigid action (see [IPP08, 7.20.] in the case Γ 1 = F 2 ). Finally, it is proven in [Io07, 4. 3.] that any non-amenable group Γ has an action satisfying a weak form of rigidity. Note however that the problem of deciding which non-amenable groups admit rigid actions remained wide open ( [Po06, 5.10 
.2.]).
To put our main result in a better perspective, we remark that in all of the above examples of rigid equivalence relations R, we have that R contains (or "almost contains") the equivalence relation induced by the action F 2 (T 2 , λ 2 ), for some embedding of F 2 in SL 2 (Z). Instead, Theorem 0.1 provides the first instance of rigidity for equivalence relations which does not have a group-theoretic origin, i.e. which does not rely on relative property (T) for some pair of groups.
Theorem 0.1 establishes a dichotomy result for all the subequivalence relations of a given equivalence relation S. The first results of this type appeared only recently in the literature. Thus, it is proven in [Po08, 5.2.] , that, if S is the equivalence relation induced by a Bernoulli action of a countable group, then the II 1 factor L(R) is prime, for any ergodic, non-hyperfinite subequivalence relation R of S. Moreover, as shown in [CI08] , any such R is strongly ergodic (see [Oz04] in the case of exact groups Γ). Recently, N. Ozawa has shown that, in the context of 0.1, any ergodic subequivalence relation R is either hyperfinite or strongly ergodic ([Oz08] ). In relation to the last result, we mention that it is not known whether rigidity implies strong ergodicity for equivalence relations.
Notice that while rigidity is a property of ergodic theoretic objects (group actions, equivalence relations), its definition is expressed in von Neumann algebra terms. The first step towards the proof of Theorem 0.1 consists of giving an ergodic-theoretic criterion for rigidity of equivalence relations.
0.2 Proposition. Let R be a countable, ergodic, measure preserving equivalence relation on a standard probability space (X, µ). Denote ∆ = {(x, x)|x ∈ X} and let p i : X × X → X be the projection onto the i-th coordinate, for i ∈ {1, 2}.
If there is no sequence {ν n } n≥1 of Borel probability measures on X × X such that ν n (∆) = 0, p i * (ν n ) = µ, for all i and n, (a) lim n→∞ X×X f 1 (x)f 2 (y)dν n (x, y) = X f 1 f 2 dµ, for all f 1 , f 2 ∈ L ∞ (X, µ), and
To give the idea of the proof of Proposition 0.2, let H be a Hilbert L(R)-bimodule together with a unit vector ξ and denote A = L ∞ (X, µ). The cyclic Hilbert A-bimodule AξA is isomorphic to L 2 (X × X, ν) for some probability measure ν = ν ξ on X × X. One then checks that if H has no A-central vectors but admits a sequence {ξ n } n≥1 of almost central vectors, then the measures ν n = ν ξ n satisfy ν n (∆) = 0 and conditions (a), (b) from above.
We are now ready to sketch the proof of Theorem 0.1. Assume that R is an ergodic subequivalence relation of S which is not rigid. Proposition 0.2 then provides a sequence {ν n } n≥1 of measures on T 2 × T 2 which, roughly speaking, concentrate around the diagonal ∆ = {(x, x)|x ∈ T 2 } and become almost invariant under the diagonal product action of [R] on T 2 × T 2 , as n → ∞. A simple computation shows that the ν n 's also become almost invariant under the skew-product action of [R] on T 2 × T 2 defined bỹ θ(x, y) = (θ(x), w(θ, x)y), where w(θ, x) is the unique element of SL 2 (Z) such that θ(x) = w(θ, x)x, for every x ∈ T 2 and θ ∈ [R].
The next key element of the proof is that there exists a Borel map π : (T 2 ×T 2 )\∆ → T 2 × P 1 (R) which is γ-equivariant in an open neighborhood of ∆, for every γ ∈SL 2 (Z) (where P 1 (R) denotes the real projective line endowed with the linear fractional action of SL 2 (Z)). By pushing forward the ν n 's and taking a weak limit, we deduce that there exists a probability measure µ on T 2 × P 1 (R) which is invariant under the skew product action of [R] . We note here that the idea of pushing forward measures on projective spaces as a mean of proving (relative) property (T) for groups is originally due to Furstenberg ([dHV89] , see also [Bu91] , [Sh99b] ).
Moreover, the projection of µ onto the T 2 -coordinate is equal to λ 2 . Hence we can disintegrate µ = T 2 µ x dλ 2 (x), where µ x are probability measures on P 1 (R). The uniqueness of the disintegration implies that µ θ(x) = w(θ, x) * µ x , for all θ ∈ [R] and almost every x ∈ T 2 . The final step of the proof consists of combining the existence of the measures µ x with the topological amenability of the action SL 2 (Z) P 1 (R) (see, for example, [BrOz08] ) to conclude that R is hyperfinite.
A free, ergodic, measure preserving action of a countable group Γ on a probability space (X, µ) is rigid if and only if the equivalence relation on X of belonging to the same Γ-orbit is rigid. Thus, Proposition 0.2 gives in particular a criterion for rigidity of free actions of countable groups. The next result shows that this criterion is also sufficient, thus answering a question of S. Popa who asked for a "non-von Neumann algebra" formulation of rigidity for actions ([Po07] ).
Theorem.
A free, ergodic, measure preserving action Γ (X, µ) of a countable group Γ a standard probability space (X, µ) is rigid if and only if there is no sequence {ν n } n≥1 of Borel probability measures on X × X such that ν n (∆) = 0, p
, and (b) lim n→∞ ||γ * ν n −ν n || = 0, for all γ ∈ Γ, where on X ×X we consider the diagonal action of Γ.
Moreover, if Γ has property (T) of Kazhdan, then in the above statement we can replace
As hinted above, the if part of Theorem 0.3 is an easy consequence of Proposition 0.2. The proof of the only if part relies on a new construction of Hilbert bimodules over the crossed product
) from Γ-quasi-invariant probability measures ν on X × X. More precisely, we show that H ν = L 2 (X × X, ν)⊗ℓ 2 (Γ) carries a natural Hilbert M -bimodule structure. In the case that ν is actually Γ-invariant, the bimodule structure comes from the two natural embeddings of M into L ∞ (X × X, ν) ⋊ Γ. In general, one also needs to take into account the Radon-Nikodym derivatives d(γ * ν)/dν. To prove the only if part of 0.3, it suffices to verify that if ν n are Γ-quasi invariant measures which satisfy conditions (a) and (b), then the vectors ξ n = 1 ⊗ δ e ∈ H ν n are almost central. Finally, the last part of 0.3 is derived from the following general fact: for a Borel action of a property (T) group Γ on a Borel space X, any "almost-invariant" probability measure is close to an invariant probability measure (see Proposition 5.3 in the text).
In light of the last part of Theorem 0.3, to decide whether an action of a property (T) group Γ is rigid or not, one would only need to understand the invariant measures for the diagonal action of Γ on the double space. For actions of the form Γ G/Λ, where Γ and Λ are lattices in a Lie group G, the invariant measures under the diagonal Γ-action on G/Λ×G/Λ can be described precisely as a consequence of Ratner's measure classification theorem.
This strategy motivated the next result, which is joint work with Y. Shalom. Before stating it, recall that a II 1 factor M has property (T) in the sense of Connes-Jones ( [CJ85] ) if the inclusion (M ⊂ M ) is rigid. As noticed in [Po06] , the crossed product II 1 factor associated to a free, ergodic, measure preserving action of a countable group Γ has property (T) if and only if the action is rigid and Γ itself has property (T).
Theorem (with Y. Shalom).
Let G be a connected semisimple Lie group with finite center such that every simple factor of G has real-rank ≥ 2. Let Γ, Λ ⊂ G be two lattices such that Γ does not contain any non-trivial central element of G (e.g.
property (T).
In the first section, we review the notions and constructions that we will later use. The proof of the main result is the subject of section 3. Proposition 0.2, Theorem 0.3 and Theorem 0.4 are proved in sections 2, 4 and 5, respectively. Section 6 is devoted to some final remarks. the same null sets. In this case, we denote by dµ/dν ∈ L 1 (X, ν) the Radon-Nikodym derivative. Also, for a Borel function p : X → Y and a measure µ ∈ M(X), we let p * µ ∈ M(Y ) be the push-forward measure defined by p * µ(A) = µ(p −1 (A)), for every Borel set A ⊂ Y .
An equivalence relation R on a standard probability space (X, µ) is called countable if R is a Borel subset of X×X and every R-class, [x] R = {y ∈ X|(x, y) ∈ R}, is countable. As shown by Feldman-Moore, every countable equivalence relation R is induced by a Borel action Γ X of a countable group Γ, i.e. R = {(x, γx)|x ∈ X, γ ∈ Γ} ( [FM77a] ). In this case, we say that R is measure preserving if the action of Γ on X is measure preserving, i.e. if γ * µ = µ, for all γ ∈ Γ. For a countable measure preserving equivalence relation R, its full group, [R] , consists of the automorphisms θ of (X, µ) such that θ(x) ∈ [x] R , for almost every x ∈ X. Finally, R is called ergodic if any R-invariant Borel subset of X is either null or co-null.
Lemma [Po85] . Let R ⊂ S be two countable, ergodic, measure preserving equivalence relations on a standard probability space (X, µ). Then we can find φ 1 , φ 2 , ..
Proof. This lemma follows immediately by applying [Po85, Theorem 2.
2). Let us however give a short ergodic-theoretic argument. Since R is ergodic, we can find a sequence θ 1 , θ 2 , .. ∈ [S] of choice functions, i.e. such that for almost every x ∈ X we have that [ 
We claim that φ i = θ 
S , for almost every x ∈ X. Secondly, assume that there exists i = j such that the set of x for which
has non-zero measure. Thus, we can find φ ∈ [S] such that φ i • φ and φ j are equal on a set of positive measure, which implies that φ −1 • θ i and θ j are equal on a set of positive measure, a contradiction.
1.2 The von Neumann algebra associated to an equivalence relation. Let R be a countable, measure preserving equivalence relation on a standard probability space (X, µ). Endow R with the (infinite) measure ν(A) = X |{y|(x, y) ∈ A}|dµ(x),
It is then easy to check that
} is a * -subalgebra of B(H). The strong operator closure of this algebra, denoted L(R), is called the von Neumann algebra associated to R ( [FM77b] ). We note that L(R) is a finite von Neumann algebra, with the vector state τ (y) = y1 ∆ , 1 ∆ giving a normal faithful trace on L(R), where
Cartan subalgebra of L(R), i.e. it is maximal abelian and regular.
If R is induced by a free, ergodic, measure preserving action
For further reference, we recall next the construction of the crossed product von Neumann algebra
). To this end, let Γ (X, µ) be a measure preserving action of a countable group Γ (not necessarily free and ergodic) and set
, γ ∈ Γ} is a * −subalgebra of B(H). The strong operator closure of this algebra, denoted L ∞ (X, µ) ⋊ Γ, is called the crossed product von Neumann algebra associated to the action Γ (X, µ). The vector state τ (y) = y(1 ⊗ δ e ), 1 ⊗ δ e gives a normal faithful trace on L ∞ (X, µ) ⋊ Γ, which is therefore a finite von Neumann algebra. Also, we remark that if X reduces to a point (with Γ acting trivially), then the associated crossed product algebra is precisely the group von Neumann algebra LΓ of Γ.
1.3 Rigidity for equivalence relations. We next recall S. Popa's notion of rigidity for equivalence relations and group actions ( [Po06] ). Since this notion is defined in terms of the relative property (T) of the associated Cartan subalgebras incusions, we first explain the definition of relative property (T) for general inclusions of von Neumann algebras.
To proceed, let M be a separable finite von Neumann algebra with a faithful normal trace τ : M → C and let B ⊂ M be a von Neumann subalgebra. A Hilbert space H is called a Hilbert M -bimodule if it admits commuting left and right Hilbert M -module structures. A vector ξ ∈ H is called tracial if xξ, ξ = ξx, ξ = τ (x), for all x ∈ M , and B-central if bξ = ξb, for all b ∈ B. A Hilbert M -bimodule H together with a unit vector ξ ∈ H is called a pointed Hilbert M -bimodule and is denoted (H, ξ).
1.3.1 Definition [Po06] The inclusion (B ⊂ M ) is rigid (or has relative property (T)) if for every ε > 0 there exists F ⊂ M finite and δ > 0 such that if (H, ξ) is a pointed Hilbert M -bimodule with ξ a tracial vector verifying ||xξ − ξx|| ≤ δ, for all x ∈ F , then there exists a B-central vector η ∈ H with ||η − ξ|| ≤ ε.
Convention. From now on, the term rigid will mean the same thing as relative property (T) in the context of equivalence relations, group actions or inclusions of von Neumann algebras.
Note that Definition 1.3.1 is slightly different from the original one which required that ξ satisfies || .ξ, ξ − τ ||, || ξ., ξ − τ || ≤ δ, rather than being tracial (see Section 4 in [Po06] ). However, [IPP08, Theorem 3.1.] easily implies that the two definitions are equivalent. The equivalence of the two definitions also follows from the next lemma, under the additional assumption that B is diffuse. Proof. By [Po06, Lemma 1.1.5.] there exists a Hilbert M -bimodule H together with a bijection H ∋ η → η ∈ H such that xηy, η = yηx, η , for all η ∈ H and x, y ∈ M . We endow K = H ⊕ H with the natural Hilbert M -bimodule structure and set ζ = (ξ ⊕ ξ)/ √ 2 ∈ K. Then ζ is a unit vector and we have that
Finally, we show that the Hilbert M -bimoduleH = K ⊕ L together with the unit vectorξ = ω ⊕ ω 0 ∈H verify the conclusion. Indeed, (i) is clear from the above, while (ii) is a consequence of (1.b), (1.c), (1.d) and the following estimate
To prove (iii) and (iv), note that since B is diffuse, L does not have any non-zero
2 )/2, we deduce that for some η ∈ {η 1 , η 2 } we have that ||η − ξ|| ≤ ||η −ξ||. Proof. This is a consequence of [PePo05, Corollary 2] and Lemma 1.3.2. [Po06] . Let (X, µ) be a standard probability space. We say that a countable, ergodic, measure preserving equivalence relation R is rigid if its associated Cartan subalgebra inclusion (L ∞ (X, µ) ⊂ L(R)) is rigid. Also, we say that a free, ergodic, measure preserving action
Corollary [PePo05]. Assume that M is a II 1 factor and B is a Cartan subalgebra of M . Then the inclusion (B ⊂ M ) is rigid if and only if there exist

Definition
Equivalently, the action Γ (X, µ) is rigid if and only if its induced equivalence relation is rigid. is rigid. In turn, recall that the pair (SL n (Z) ⋉ Z n , Z n ) has relative property (T), for any n ≥ 2, ([Ka67] , [Ma82] ) and that the pair (Γ ⋉ Z 2 , Z 2 ) has relative property (T), for any non-amenable subgroup Γ ⊂ SL 2 (Z) ( [Bu91] ). More examples of pairs of groups with relative property (T) are given in [Sh99a] , [Va05] and [Fe06] .
To provide examples of rigid actions, let Γ be a countable group acting by automorphisms on a countable abelian group A. Then the (Haar) measure preserving action Γ (Â, µ) on the dual of A is rigid if and only if the pair (Γ⋉A, A) has relative property (T). Indeed, this is a consequence of the above discussion and the following isomorphism of inclusions of von Neumann algebras (
A criterion of rigidity for equivalence relations.
A natural question raised by S. Popa ([Po07] ) is to find an ergodic-theoretic formulation of rigidity for equivalence relations and group actions. In this section we make a first step towards answering this question. Thus, we isolate an ergodic-theoretic condition which implies rigidity for a given equivalence relation R. Later on, we will see that this condition is in fact equivalent to rigidity, in the case when R is induced by a free action of a countable group.
To start, we fix some notations that we will keep throughout the paper. For a standard probability space (X, µ), we define ∆ = {(x, x)|x ∈ X} and p i :
for all x 1 , x 2 ∈ X and i ∈ {1, 2}. Also, we denote by B(X) the algebra of complex-valued, bounded Borel functions on X. As usual, for two functions
Hereafter, we will be using the fact that the
With these notations, our next lemma shows that if R is an equivalence relation on X, then to any pointed Hilbert L(R)-bimodule, (H, ξ), one can associate a probability measure ν on X × X, such that when ξ is almost central, then ν is (θ × θ)-almost invariant, for every θ ∈ [R].
2.1 Lemma. Let R be a countable, measure preserving equivalence relation on a standard probability (X, µ). Let (H, ξ) be a pointed Hilbert L(R)-bimodule. Then we can find a probability measure ν ∈ M(X × X) such that
Proof. First, since all standard probability spaces are Borel isomorphic, we can assume that X is a compact metric space (e.g. X = T). Then notice that the leftright actions of C(X) on H define commuting (C * -algebra) representations of C(X) into B(H). Further, these representations induce a representation of C(X × X) ≃ C(X)⊗ max C(X) into B(H). Let E : Ω → P(H) be the spectral measure giving this representation, where Ω is the Borel σ-algebra of X × X and P(H) denotes the set of projections in B(H) (see e.g. [Co99, Theorem 9.8]). Thus, if π :
Next, we define ν through the formula X×X f dν = π(f )ξ, ξ , for all f ∈ B(X ×X). By approximating Borel functions with continuous functions (using e.g. [Co99, Lemma 9.7.]), we have that (2.a) holds for every
and by approximating Borel functions with continuous functions we derive that (2.b) holds for every f ∈ B(X × X). Observing that ||π(f )|| ≤ ||f || ∞ , for all f ∈ B(X × X), it is now clear how to deduce (ii) from (2.b). Turning to the last two conditions, we note that if τ :
. This shows that p 1 * ν = µ and similarly we get that p 2 * ν = µ, which together imply (iii). To complete the proof we are therefore left to check (iv). Assuming that H admits no non-zero L ∞ (X, µ)-central vector, we will show that π(1 ∆ ) = 0 and thus ν(∆) = 0. By contradiction, if π(1 ∆ ) = 0, then there exists a non-zero vector η ∈ H such that
2.2 Proposition. Let R be a countable, ergodic, measure preserving equivalence relation on a standard probability space (X, µ). Assume that there exists no sequence of measures ν n ∈ M(X × X) (n ≥ 1) such that ν n (∆) = 0, p i * ν n = µ, for all i and n,
Proof. If we assume that R is not rigid, then the Cartan subalgebra inclusion
is a II 1 factor and we can thus apply Corollary 1.3.3. Therefore we can find a sequence (H n , ξ n ) (n ≥ 1) of pointed Hilbert L(R)-bimodules such that lim n→∞ ||zξ n − ξ n z|| = 0, for all z ∈ L(R), ξ n is a tracial vector and H n has no L ∞ (X, µ)-central vector, for all n ≥ 1. For n ≥ 1, let ν n be the probability measure associated to (H n , ξ n ) by Lemma 2.1. These measures clearly verify all desired conditions except (i) which follows from the next estimate
2.3 Remarks. (a) Let (X, µ) be a standard probability space and let ν n ∈ M(X × X) be a sequence of measures such that p i * ν n = µ, for all i and n. Also, let {A m } m≥1 be a sequence of Borel subsets of X such that for every Borel set A ⊂ X and every ε > 0, we can find m with µ(A∆A m ) < ε. Then condition (i) from 2.2 is equivalent to
The equivalence of (i) and (i) ′′ is easy and we leave it to the reader. Thus, we only have to argue that (i) ′ and (i) ′′ are equivalent. It is clear that (i) ′′ implies (i) ′ . Conversely, just notice that for all n and m and any Borel set A ⊂ X we have that
(b) Let (X, µ) be a standard probability space. Recall that X is a Polish space, i.e. separable and completely metrizable, and denote by C b (X) the set of bounded, continuous, complex-valued functions on X. Endow M(X) with the weak * -topology given by the embedding M(X) ⊂ C b (X) * . Now, let ν n ∈ M(X × X) be a sequence of measures which satisfy p i * ν n = µ, for all i and n, as well as condition (i) from 2.2. We claim that ifμ denotes the push forward of µ through the map X ∋ x → (x, x) ∈ X × X, then ν n converge weakly toμ. To see this, let f ∈ C b (X × X) with ||f || ∞ ≤ 1 and fix ε > 0.
Since X is Polish, we can find a compact subset K of X such that µ(X \ K) < ε/5 (see, for example, [Ke95, Theorem 17.11]). Now, since K is compact, we can find
Finally, let us observe that condition (i) in 2.2 gives that lim
., m}. Taking into account that ε > 0 was arbitrary, we get that lim n→∞ X×X f dν n = X×X f dμ, as claimed.
Main result.
Let SL 2 (Z) act on Z 2 by matrix multiplication. As usual, we identify the dual of Z 2 with the 2-torus T 2 by associating to any (
. In other words, the dual action is the composition between the automorphism γ → (γ −1 ) t of SL 2 (Z) and the matrix multiplication action γ · (z 1 , z 2 ) = (z
2 ). In particular, both actions of SL 2 (Z) induce the same equivalence relation on T 2 , which we denote by S. Remark also that S preserves the Haar measure µ of T 2 .
3.1 Theorem. Let R be an ergodic subequivalence relation of S. Then R is either hyperfinite or rigid.
Moreover, if R is not hyperfinite, then there does not exist a sequence of measures
and
Proof. Assuming that there exist measures ν n ∈ M(T 2 × T 2 ) satisfying ν n (∆) = 0, for all n, (3.a) and (3.b), we prove that R is hyperfinite. On the other hand, if such measures do not exist, then R is rigid by Proposition 2.2.
Step 1.
Let θ ∈ [R], which we keep fixed until the end of the proof. After modifying θ on a set of zero measure we can assume that θ(x) ∈ [x] R , for all x ∈ T 2 . Thus, we can find a Borel function w θ :
Indeed, if A γ = {x ∈ T 2 |w θ (x) = γ}, for all γ ∈ SL 2 (Z), then it is clear that θ × θ and θ agree on ∪ γ (A γ × A γ ). On the other hand, by using (3.a) we get that lim inf
By combining the last two observations and (3.b), the claim follows. ⊣ 3.2 Notations. In the next three steps, we will work with the spaces T 2 , R 2 and P 1 (R) = R ∪ {∞} (the real projective line), all equipped with actions of SL 2 (Z). Specifically, on T 2 and R 2 we will consider the matrix multiplication actions of SL 2 (Z), while on P 1 (R) we will consider the linear fractional action of SL 2 (Z):
We also need to introduce several maps involving the above spaces.
• Let σ : R 2 \ {(0, 0)} →P 1 (R) be the map given by σ(x, y) = x/y and set r := id×σ :
2 ) 2 → T 2 be the continuous bijection given by χ(x, y) = (e 2πix , e 2πiy ) and let ρ = χ −1
•
• Finally, set π :
3.3 Remark. Note that σ, r and p are SL 2 (Z)-equivariant. Although ρ is not SL 2 (Z)-equivariant, we do however have that ρ(γx) = γρ(x), for every γ ∈ SL 2 (Z) and
2 . This is because ρ(γx) − γρ(x) ∈ Z 2 , for every γ and x.
Step 2.
For every n, let µ n = π * ν n ∈ M(T 2 ×P 1 (R)). Also, we define the Borel automorphismθ of T 2 × P 1 (R) byθ(x, y) = (θ(x), w θ (x)y). With these notations, the aim of this step is to show that µ n becomeθ-almost invariant, as n → ∞, in the following sense:
Claim. lim n→∞ ν n (A) = 1 and π(θ(x, y)) =θ(π(x, y)), for all (x, y) ∈ A.
For the first assertion, fix ε > 0 and let F ⊂ SL 2 (Z) be a finite set such that
2 ) 2 , for every γ ∈ F . As ν n converge weakly to a measure supported on ∆ (here we are using (3.a) and Remark 2.3 (b)) and ν n (∆) = 0, we deduce that lim n→∞ ν n ({(x, y) ∈ (T 2 × T 2 ) \ ∆|x −1 y ∈ C}) = 1. Since it is clear that {(x, y) ∈ (T 2 × T 2 ) \ ∆|x ∈ B, x −1 y ∈ C} ⊂ A, we altogether get that lim inf n→∞ ν n (A) ≥ 1 − ε. As ε > 0 is arbitrary, we conclude that ν n (A) → 1, as n → ∞.
Towards the second assertion, note first that by the definition of A and Remark 3.3, we get that ρ(w θ (x)(x −1 y)) = w θ (x)ρ(x −1 y), for all (x, y) ∈ A. Secondly, remark that SL 2 (Z) acts on T 2 by group automorphisms, hence (γx) −1 (γy) = γ(x −1 y), for every x, y ∈ T 2 and γ ∈ SL 2 (Z). By combining these observations, we derive that
This identity further implies that
which proves the claim. Finally, we deduce (3.d) from the above claim. Let g ∈ B(T 2 ×P 1 (R)), ||g|| ∞ ≤ 1, and set f = g • π.
Then by the claim we have that (g •θ • π)(x, y) = (f •θ)(x, y), for all (x, y) ∈ A. Thus, we get that
and by combining the fact that ν n (A) → 1 with (3.b), we get the conclusion. ⊣
Step 3.
We next prove that any weak limit point µ of {µ n } n≥1 isθ-invariant and satisfies
Note that since π is the identity on the first coordinate, (3.a) easily implies that µ satisfies the second property. To check the invariance property, we first prove a general lemma.
3.4 Lemma. Let X be a compact metric space, let {µ n } n≥1 be a sequence of Borel probability measures on X and let α be a Borel automorphism of X. Assume that
Also, suppose that there exists a sequence {X m } m≥1 of closed subsets of X such that α |X m is continuous, for every m ≥ 1, and lim m→∞ lim inf n→∞ µ n (X m ) = 1. Then any weak limit point µ of {µ n } n≥1 is α-invariant.
Before proving this lemma, let us observe that the almost invariance assumption on {µ n } is not enough to guarantee the conclusion. Indeed, take X = [0, 1] and α defined by α(x) = x, for x ∈ (0, 1), α(1) = 0 and α(0) = 1. Then the measures µ n = δ 1− 1 n are α-invariant, while their weak limit µ = δ 1 is not.
Proof of Lemma 3.4. Let µ be a weak limit point of the sequence {µ n } n≥1 and observe that the hypothesis implies that lim m→∞ µ(X m ) = 1. Also, by using the hypothesis, it is clear that in order to get the conclusion it suffices to show that if g is a continuous function on X with ||g|| ∞ ≤ 1, then
For every m, let f m be a continuous function on X such that ||f m || ∞ ≤ 1 and
By taking n to ∞, we further get that lim sup
, we can apply Lemma 3.4 to deduce that µ isθ-invariant. ⊣
Step 4.
In this final step, we prove that R is hyperfinite. This is achieved by using the measure µ provided by Step 3 in connection with the topological amenability of the action SL 2 (Z) P 1 (R). Let us first rephrase the invariance property of µ in a different way. Since µ(D×P 1 (R)) = λ 2 (D), for every Borel set D ⊂ T 2 , we can disintegrate µ = T 2 µ x dλ 2 (x), where µ x ∈ M(P 1 (R)), for all x ∈ T 2 . It is easy to check that
. Thus, using the uniqueness (up to measure zero sets) of the above decomposition, we get that w θ (x) * µ x = µ θ(x) , for λ 2 -almost every x ∈ T 2 . Next, recall that the action SL 2 (Z) P 1 (R) is topologically amenable (see Definition 4.3.5., Theorem 5.4.1. and Example E.10. in [BrOz08] for the definition and proof). Thus, we can find a sequence of continuous (hence Borel) functions ξ n : SL 2 (Z)×P 1 (R) → [0, ∞) such that γ∈SL 2 (Z) ξ n (γ, y) = 1, for all y ∈P 1 (R) and all n, and
Now, we define η n :
, where γ an element of SL 2 (Z) (unique, up to measure zero sets) such that x ′ = γ −1 x, for all (x ′ , x) ∈ S and y ∈P 1 (R). Then for all γ ∈ SL 2 (Z) we have that η n (γ −1 x,θ(x, y)) = η n (γ −1 x, w θ (x)x, w θ (x)y) = ξ n (w θ (x)γ, w θ (x)y), for λ 2 -almost every x ∈ T 2 . Using (3.e) we derive that
Further, since R is an ergodic subequivalence relation of S, by Lemma 1.1 we can find φ 1 , φ 2 , .. ∈ [S] such that for λ 2 -almost every x ∈ T 2 we have that
. Using these maps we can define ω n :
, for all (x ′ , x) ∈ R and each y ∈P 1 (R). As we have that
(3.f) gives that the following holds
Then, using the relation w θ (x) * µ x = µ θ(x) , we get that (3.h)
for λ 2 -almost every x ∈ T 2 . By combining (3.g) and (3.h) we get that lim n→∞ x ′ ∈[x] S |ζ n (x ′ , θ(x))−ζ n (x ′ , x)| = 0, for almost every x ∈ T 2 . Moreover, it is easy to see that
for almost every x ∈ T 2 and all n. Since the construction of ζ n does not depend on θ and θ ⊂ [R] is arbitrary, Connes-Feldman-Weiss' theorem implies that R is hyperfinite ([CFW81]).
Note that
Step 4 proves in fact the following general criterion for hyperfiniteness.
3.5 Proposition. Let Γ (X, µ) be a free, ergodic, measure preserving action of a countable group Γ on a standard probability space (X, µ). Let S be the induced equivalence relation and let R ⊂ S be an ergodic subequivalence relation. Let w :
[R] × X → Γ be the cocycle defined by θ(x) = w(θ, x)x, for all θ ∈ [R] and µ-almost every x ∈ X. Assume that Γ Y is a topologically amenable action of Γ on a compact space Y .
If there exists a Borel map ν : X → M(Y ) such that for all θ ∈ [R]
we have that ν θ(x) = w(θ, x) * ν x , for µ-almost every x ∈ X, then S is hyperfinite.
Motivated by the statement of 3.1, we introduce the following: 3.6 Definition. A countable, ergodic, measure preserving equivalence relation R (respectively, a free, ergodic, measure preserving action Γ (X, µ)) is called strongly rigid if there does not exist a sequence ν n ∈ M(X × X) such that ν n (∆) = 0, for all n, lim n→∞ X×X (f 1 ⊗ f 2 )dν n = X f 1 f 2 dµ, for all f 1 , f 2 ∈ B(X), and
It is clear by Proposition 2.2 that the notion of strong rigidity is a strengthening of the notion of rigidity. We do not know whether the two are in fact the same. It is easy to see that an action is strongly rigid if and only if its induced equivalence relation is strongly rigid. Theorem 3.1 shows in particular that if Γ ⊂ SL 2 (Z) is a non-amenable group, then the action Γ (T 2 , λ 2 ) is strongly rigid. We notice below that an even stronger statement holds true.
Proposition [Bu91]. Let k ≥ 2 and on the k-torus T k consider the normalized Lebesgue measure λ k . Suppose that Γ ⊂ SL k (Z) is a subgroup such that there exists no Γ-invariant probability measure on P k−1 (R) (e.g. if k = 2 and Γ is non-amenable). Then for any sequence of measures
(i) ν n converge weakly to a measure supported on ∆ = {(x, x)|x ∈ T k } and
we have that lim n→∞ ν n (∆) = 1.
Proof. By contradiction we can assume that there exists a sequence ν n ∈ M(T k ×T k ) satisfying conditions (i) and (ii) and such that ν n (∆) = c, for all n, for some c ∈ [0, 1). Define p : T k ×T k → T k by p(x, y) = x −1 y and note that p is a Γ-equivariant continuous map such that p −1 ({(1, 1)}) = ∆. For every n, set µ n = p * ν n ∈ M(T n ). Then (i) and (ii) imply that (a) µ n converge weakly to δ (1,1) and
, for every A ⊂ T k . Then ρ n satisfy (a), (b) and moreover ρ n ({(1, 1)}) = 0, for all n. The proof of Proposition 7 in [Bu91] (see also [Sh99] and [BrOz08] in the case Γ =SL 2 (Z)) would then imply that there exists a Γ-invariant probability measure on P k−1 (R), a contradiction.
Fix k ≥ 3 and denote by S the equivalence relation induced by the action of SL k (Z) on (T k , λ k ). We end this section by noticing that the proof of Theorem 3.1 gives a criterion for rigidity of arbitrary ergodic subequivalence relations of S. I am grateful to Y. Shalom for suggesting to me the following result.
Theorem. Let R be an ergodic subequivalence relation of S and let
w : [R] × T k →SL k (Z) be the cocycle defined by θ(x) = w(θ, x)x, for x ∈ T k and θ ∈ [R].
Assume that either
(1) There exists no Borel function µ :
(2) There exists no Borel function φ : T k → PGL k (R) and no proper algebraic subgroup H of PGL k (R) such that the cocycle w
Then R is strongly rigid, hence is rigid.
Proof. Suppose that R is not strongly rigid. The first three steps of the proof of 3.1 show that there exists a Borel function µ : 
. Now, since R is ergodic and M is countably separated, we deduce that the function
is constant. Thus, we can find a measure ρ ∈ M(P k−1 (R)) and a function φ : T k → PGL k (R) such that µ x = φ(x) * ρ, for almost every x. This implies that w ′ (θ, x) = φ(θ(x)) −1 w(θ, x)φ(x) stabilizes ρ, for almost every x. Since by [Zi84, Theorem 3.2.4], the stabilizer H of ρ in PGL k (R) is a proper algebraic subgroup, the conclusion follows.
4. An ergodic-theoretic formulation of rigidity for group actions.
Proposition 2.2 provides a sufficient condition for rigidity of a given ergodic equivalence relation R. In this section, we show that this condition is also necessary when R is induced by a free action Γ (X, µ) of a countable group Γ. Towards this, we first give a construction which is opposite to the one in 2.1. Thus, we indicate how to build Hilbert L ∞ (X, µ) ⋊ Γ-bimodules from ergodic-theoretic data, i.e. probability measures ν on X × X which are quasi-invariant under the diagonal action of Γ.
4.1 Proposition. Let Γ (X, µ) be a measure preserving action of a countable group Γ on a standard probability space (X, µ) and denote M = L ∞ (X, µ) ⋊ Γ. Let ν ∈ M(X × X) such that γ * ν ∼ ν, for all γ ∈ Γ, and p
Proof. Let us first observe that since p
. This implies that (4.a) defines a right Hilbert M -module structure on H ν . Indeed, it is easy to check that if H is a right Hilbert
2 Γ a right Hilbert M -module. Next, we show that (4.b) induces a left Hilbert M -structure on H ν . Start by defining K ν = ℓ 2 Γ⊗L 2 (X × X, ν). Then, as above, it follows that the formulas
The definition of g γ implies that U is a unitary operator. Further, this allows us to define a left Hilbert M -module structure on H ν by setting z • ξ = U * (z · (U ξ)), for all z ∈ M and ξ ∈ H ν . We check that the second part of (4.b) is verified. Let h 1 , h 2 ∈ L 2 (X × X, ν) and γ 1 , γ 2 , γ ′ ∈ Γ. Then we have that
• γ 2 and g 2 γ 2
= d(γ 2 * ν)/dν, the last term is further equal to
which proves the second formula in (4.b). The first formula can be checked in a similar way, while the commutativity of the left and right M -module structures is immediate.
Given the usual way of obtaining completely positive maps from Hilbert bimodules, Proposition 4.1 can be rephrased as follows:
Corollary. Assume the context from 4.1 and view
defines a unital, trace preserving, completely positive map
Proof. By using, for example, 1.1.3. in [Po06] , we can find a completely positive map Φ ν : M → M such that τ (Φ ν (z)w) = zξw, ξ , for all z, w ∈ M , where ξ = 1 ⊗ δ e ∈ H ν . An easy calculation shows that Φ ν verifies the desired formula.
Next, we record some properties of the Hilbert M -bimodule H ν that will be of later use.
4.3 Lemma. In the context from 4.1, let ξ = 1 X×X ⊗ δ e ∈ H ν . Then we have that
Proof. Conditions (i) and (iii) are immediate from the definitions. To check (ii), just note that if γ ∈ Γ, then by using (4.a) and (4.b) we have that
4.4 Theorem. Given a free ergodic measure preserving action Γ (X, µ) of a countable group Γ on a standard probability space (X, µ) the following are equivalent:
(b) There exists no sequence of measures ν n ∈ M(X × X) satisfying ν n (∆) = 0, p i * ν n = µ, for all i and n,
(ii) lim n→∞ ||γ * ν n − ν n || = 0, for all γ ∈ Γ.
(c) For any sequence of measures ν n ∈ M(X × X) satisfying p i * ν n = µ, for all i and n, and conditions (i),(ii) from (b), we have that lim n→∞ ν n (∆) = 1. To prove that (a) implies (c), suppose that Γ (X, µ) is a rigid action and let ν n ∈ M(X ×X) satisfying the conditions in (c). We will show that lim n→∞ ν n (∆) = 1. Let {γ i } i≥1 be an enumeration of Γ. Then, after replacing ν n with ∞ i=1 2 −i (γ i ) * ν n , we can further assume that γ * ν n ∼ ν n , for all n and γ ∈ Γ.
For every n, we define
and let ξ n = 1 ⊗ δ e ∈ H n . Also, we denote by M the crossed product II 1 factor L ∞ (X, µ) ⋊ Γ. Next, we consider on H n the Hilbert M -bimodule structure provided by Proposition 4.1. Using Lemma 4.3, conditions (i) and (ii) above imply that (4.c) lim
Since the linear span of {f u γ |f ∈ L ∞ (X, µ), γ ∈ Γ} is dense in the strong operator topology in M and since ξ n is a tracial vector (again by Lemma 4.3), we deduce that (4.c) holds for every z ∈ M .
On the other hand, the inclusion L ∞ (X, µ) ⊂ M is rigid by assumption. Thus, we can find a sequence of vectors η n ∈ H n such that f • η n = η n • f , for all n and f ∈ L ∞ (X, µ), and that lim n→∞ ||η n − ξ n || 2 = 0. Now, note that ξ n ∈ L n and that L n is invariant under left and right multiplication with elements from L ∞ (X, µ). Hence, by replacing η n with its orthogonal projection onto L n , we can further assume that η n ∈ L n , for all n.
We can thus view η n as a function in L 2 (X × X, ν n ) which verifies f (x)η n (x, y) = f (y)η n (x, y), ν n −a.e. (x, y) ∈ X ×X, for all f ∈ L ∞ (X, µ). In particular, if we take f = 1 A , for a Borel set A ⊂ X, then we get that η n (x, y) = 0, ν n -a.e. (x, y) ∈ A × (X \ A). Since X is a standard probability space X we can find a sequence {A m } m≥1 of Borel subsets of X such that X × X \ ∆ = ∪ m≥1 (A m × (X \ A m )). By combining the last two facts, we deduce that η n (x, y) = 0 ν n -a.e. (x, y) ∈ (X × X) \ ∆, for all n. Finally, this implies that
and since lim n→∞ ||η n − ξ n || 2 = 0, we get the conclusion.
4.5 Corollary. Let R be an equivalence relation induced by a free, ergodic, measure preserving action Γ (X, µ). Then R is rigid if and only if there is no sequence of measures ν n ∈ M(X × X) (n ≥ 1) such that ν n (∆) = 0, p i * ν n = µ, for all i and n, (i) lim n→∞ X×X (f 1 ⊗ f 2 )dν n = X f 1 f 2 dµ, for all f 1 , f 2 ∈ B(X), and
Proof. Since R is rigid if and only if the action Γ (X, µ) is rigid, the conclusion follows immediately from Proposition 2.2 and Theorem 4.4.
4.6 Remark. We do not know whether Corollary 4.5 holds true for an arbitrary equivalence relation R. Note that if R is a counterexample for 4.5 (i.e. R is rigid, but at the same time there exist measures ν n with the above properties), then R and moreover any equivalence relation R ′ which contains R cannot be induced by a free action of a countable group. Indeed, if R ′ could be implemented by a free action, then, as in the proof of 4.4, we could use the ν n 's to build the Hilbert L(R ′ )-bimodules H n . These bimodules however have L(R)-almost-central vectors without having L ∞ (X, µ)-central vectors (by the last part of the proof of 4.4), in contradiction with the rigidity assumption on R.
Related to the above discussion, note that the first examples of equivalence relations R which cannot be embedded into equivalence relations implementable by a free action have been exhibited very recently in [PoVa08b] .
Rigid actions of property (T) groups.
We now restrict our attention to groups having Kazhdan's property (T). A countable discrete group Γ has property (T) if any unitary representation of Γ which admits almost invariant vectors, actually has an invariant vector. The classical examples are SL n (Z) and, more generally, any lattice in SL n (R), for n ≥ 3 ( Next we show that for property (T) groups our criterion of rigidity for actions (Theorem 4.4) can be improved.
5.1 Theorem. Given a free, ergodic, measure preserving action Γ (X, µ) of a countable, property (T) group Γ an a standard probability space (X, µ), the following are equivalent:
(c) For any sequence of Γ-invariant measures ν n ∈ M(X × X) satisfying ( * ), we must have lim n→∞ ν n (∆) = 1.
Remarks. (i).
We note that conditions (b) and (c) from above are equivalent with the weaker conditions (b) ′ and (c) ′ where one assumes moreover that ν n are ergodic. To see that (b)
′ implies (b), suppose that (b) ′ holds true. Using Remark 2.3 (a) we deduce that there exist Borel sets A 1 , .., A M ⊂ X and δ > 0 such that if ν ∈ M(X × X) is a Γ-invariant ergodic measure which verifies p i * ν = µ, for all i ∈ {1, 2}, and ν(A m ∆(X \ A m )) < δ, for all m ∈ {1, 2, .., M }, then ν(∆) > 0. Now, assume by contradiction that (b) is false and let ν n ∈ M(X ×X) be a sequence of measures verifying ( * ). If Y denotes the (standard Borel) space of ergodic Γ-invariant measures on X × X, then there exists a Borel map π : X × X → Y such that every Γ-invariant measure ν disintegrates as ν = X×X π(x, y)dν(x, y). In particular we have that ν n = X×X π(x, y)dν n (x, y), for all n. Thus, we get that µ = p i * ν n = X×X p i * (π(x, y))dν n (x, y) and since µ is ergodic we deduce that p i * (π(x, y)) = µ, for ν n -almost every (x, y) ∈ X × X and all i ∈ {1, 2}.
Finally, we can find n such that
This implies that the set of (x, y) such that M m=1 π(x, y)(A m ×(X \A m )) < δ has positive ν n -measure. Since π(x, y) is an ergodic Γ-invariant measure, we deduce by the above that π(x, y)(∆) > 0 on a set of positive ν n -measure. This implies that ν n (∆) > 0, a contradiction. The equivalence of (c) and (c) ′ can be proven similarly.
(
ii). A II 1 factor M has property (T) of Connes and Jones ([CJ085]
) if the inclusion (M ⊂ M ) is rigid, in the sense of Definition 1.3.1. As noted in [Po06] , the crossed product II 1 factor, L ∞ (X, µ) ⋊ Γ, associated to a free, ergodic, measure preserving action has property (T) if and only if the group Γ has property (T) and the action Γ (X, µ) is rigid. In light of this remark, Corollary 5.1 also provides a criterion for a crossed product factor to have property (T).
Theorem 5.1 is an immediate consequence of 4.4 and the following characterization of property (T).
Proposition. A countable group Γ has property (T) group if and only if for all
ε > 0, we can find δ > 0 and F ⊂ Γ finite such that whenever Γ acts by Borel automorphisms on a standard Borel space X and µ ∈ M(X) satisfies
there exists a Γ-invariant probability measure ν ∈ M(X) with ||ν − µ|| ≤ ε.
Proof. (=⇒) Fix ε ∈ (0, 1) and let ε 0 > 0 such that 4ε 0 (1 − ε 0 ) −1 ≤ ε. Since Γ has property (T), we can find δ > 0 and F ⊂ Γ finite such that if π : Γ → U(H) is a unitary representation and ξ ∈ H is a unit vector with ||π(γ −1 )(ξ) − ξ|| ≤ δ, for all γ ∈ F , then there exists a π(Γ)-invariant vector η ∈ H with ||η − ξ|| ≤ ε 0 . Moreover, η can be taken in the closed convex hull of the set {π(γ)(ξ)} γ∈Γ . Now, let Γ X be a Borel action and assume that µ ∈ M(X) satisfies
be an enumeration of Γ \ {e} and set
Thus, we derive that
Next, since γ * µ 0 ∼ µ 0 , we can set
) and we have that
By the first paragraph of the proof we deduce that there exists a π(Γ)-invariant function f ∈ L 2 (X, µ 0 ) which is contained in the closed convex hull of {g γ } γ∈Γ and verifies ||f − 1|| L 2 (X,µ 0 ) ≤ ε 0 . In particular, we get that ||f − 1|| L 1 (X,µ 0 ) ≤ ε 0 . Also, since g γ ≥ 0, for all γ ∈ Γ, we get that f ≥ 0. Moreover, the π(Γ)-invariance of f implies that the measure dν 0 = f dµ 0 is Γ-invariant. Thus, the probability measure ν = dν 0 /||f || 1 is Γ-invariant and satisfies
Finally, we have that ||ν − µ|| ≤ ||ν − µ 0 || + ||µ 0 − µ|| ≤ ε.
(⇐=) For the converse, assume by contradiction that the conclusion holds true while Γ does not have property (T). Connes and Weiss then proved that there exists a free, ergodic, measure preserving action Γ (X, µ) and a sequence {A n } n≥1 of Borel subsets of X such that µ(A n ) = 1 2 , for all n, and lim n→∞ µ(γA n ∆A n ) = 0, for all γ ∈ Γ ( [CW80] ). Thus, the measures µ n = 2µ |A n ∈ M(X) satisfy lim n→∞ ||γ * µ n − µ n || = 0, for all γ ∈ Γ.
Using our assumption we can find a sequence of Γ-invariant measures ν n ∈ M(X) such that lim n→∞ ||ν n − µ n || = 0. This implies that lim n→∞ sup γ∈Γ ||γ * µ n − µ n || = 0, or, equivalently, that lim n→∞ sup γ∈Γ µ(γA n ∆A n ) = 0. Finally, the last condition gives, via a standard averaging argument, that, for every n, there exists a Γ-invariant function f n ∈ L 2 (X, µ) such that lim n→∞ ||1 A n − f n || 2 = 0. This, however, contradicts the ergodicity assumption.
In the last part of this section we use Theorem 5.1 and Remark 5.2 (ii) to give new examples of rigid group actions and property (T) II 1 factors. To state the next result recall that a discrete subgroup Γ of a Lie group G is called a lattice if G/Γ carries a G-invariant probability measure, denoted m G/Γ . ) we can find a sequence {ν n } n≥1 of Γ-invariant, ergodic measures on G/Λ × G/Λ such that ν n (∆) = 0, for all n ≥ 1, and ν n converge weakly to m.
Next, let φ : G/Λ → G be a Borel cross-section for the projection G → G/Λ. Denote X = G/Γ × G/Λ × G/Λ and for every n, let ρ n ∈ M(X) be defined by
It is easy to see that ρ n is invariant under the diagonal action of G on X. In fact, the action G (X, ρ n ) is the result of inducing the action Γ (G/Λ × G/Λ, ν n ) to a G-action. Moreover, we have that ρ n (G/Γ × ∆) = 0, for all n ≥ 1, and that ρ n converge weakly to m G/Γ × m.
Further, we claim that the action G (X, ρ n ) is ergodic for all n ≥ 1. This follows from arguments in Section 4 of [Zi84] , which we include here for completeness. Fix n and let A ⊂ X be a Borel set such that ρ n (gA∆A) = 0, for all g ∈ G. For x ∈ G/Γ, set A x = {(y 1 , y 2 ) ∈ G/Λ × G/Λ|(x, y 1 , y 2 ) ∈ A}. Using the definition of ρ n we get that for all g ∈ G we have that ν n (φ(x) −1 (A x ∆g −1 A gx )) = 0, for m G/Γ -almost every x ∈ G/Γ. Equivalently, for all g ∈ G we have that ν n (φ(xΓ) −1 (A xΓ ∆g −1 A gxΓ )) = 0, for almost every x ∈ G. Since x −1 φ(x) ∈ Γ and ν n is Γ-invariant, we deduce that for all g ∈ G,
for almost every x ∈ G. Fubini's theorem implies that we can find x ∈ G such that (5.a) holds for almost every g ∈ G. Thus, if B = x −1 A xΓ , then ν n ((y −1 A yΓ )∆B) = 0, for almost every y ∈ G. Finally, for every γ ∈ Γ and almost every y ∈ G we have that ν n ((y −1 A yΓ )∆γB) = ν n ((yγ) −1 A (yγ)Γ )∆B) = 0. Thus, B is Γ-invariant and by ergodicity we get that ν n (B) ∈ {0, 1}. Therefore ν n (y −1 A yΓ ) ∈ {0, 1}, for almost every y ∈ G and the above implies that ρ n (A) ∈ {0, 1}, as claimed.
Since the action G (X, ρ n ) is ergodic, by [MS, Lemma 2.3] we can find a unipotent one-parameter subgroup {u n (t)} t∈R of G which acts ergodically on (X, ρ n ). Now, we remark that supp(m G/Γ × m) = G/Γ × ∆ and let x = (eΓ, eΛ, eΛ) ∈supp(m G/Γ × m) (here, as usual, for a measure µ on a topological space X, supp(µ) denotes its support).
Since ρ n → m G/Γ × m weakly, we can altogether apply [MS, Theorem 1.1] to get that there exists a sequence g n = (a n , b n , c n ) ∈ G×G×G and N ≥ 1 such that g n → e, as n → ∞, g n (Γ × Λ × Λ) ∈ supp(ρ n ), for all n ≥ 1, and
Fix n ≥ N . By combining (5.b) and (5.c) we get that for all g ∈ G we have gg n ∈ g n (G/Γ × ∆) and thus we can find h ∈ G such that (gb n Λ, gc n Λ) = (b n hΛ, c n hΛ). This further implies that h
Since G is connected while Λ is discrete, we deduce that c −1
As the center of G is finite and c n b −1 n → e, as n → ∞, we get that b n = c n , for all but finitely many n's.
Finally, from (5.b) we derive that supp(ρ n ) ⊂ G/Γ × ∆ which contradicts the fact that ρ n (G/Γ × ∆) = 0.
5.5 Remark. The above proof applies verbatim to the more general situation in which Γ is not necessarily a lattice in G, but in some Lie subgroup H of G which has property (T). In this case, if we assume that the centralizer of H is G is finite and that Γ does not contain any non-trivial central element of G, then we get that the action Γ (G/Λ, m G/Λ ) is rigid, for every lattice Λ of G.
Final remarks.
(A). Relative property (T) for groups. We start this section by giving a characterization of relative property (T) for pairs of groups of the form (Γ ⋉ A, A), where A is a countable abelian group and Γ is a countable group acting by automorphisms on A. More precisely, ifÂ denotes the dual group of A and e ∈Â its identity element, then we have the following.
6.1 Theorem. The pair (Γ ⋉ A, A) has relative property (T) if and only if there is no sequence of measures ν n ∈ M(Â) which converge weakly to δ e such that ν n ({e}) = 0, for all n, and lim n→∞ ||γ * ν n − ν n || = 0, for all γ ∈ Γ.
Proof. The if part is well known (see e.g. the proof of [Bu91, Proposition 7] ). For the converse, assume by contradiction that the pair (Γ ⋉ A, A) has relative property (T), while there exists a sequence ν n ∈ M(Â) satisfying the above. As in the proof of 4.4, we can further assume that ν n is Γ-quasi-invariant, for all n. Now, fix n and define g γ = (dγ * ν n /dν n ) 1 2 , for γ ∈ Γ. Then the formulas
define a unitary representation π n : Γ ⋉ A → U(L 2 (Â, ν n )) (here we see a ∈ A as a character onÂ and thus as a function in L ∞ (Â, ν n )). We claim that the unit vectors ξ n = 1Â ∈ L 2 (Â, ν n ) become almost invariant, as n → ∞. Firstly, the same estimate as in the proof of 4.3 shows that ||π n (γ)(ξ n )−ξ n || ≤ ||γ * ν n − ν n || 1 2 , for every γ ∈ Γ. Secondly, since ν n converges to δ e , for all a ∈ A we have that lim n→∞ ||π n (a)(
On the other hand, the representation π n|A has no non-zero invariant vector, which contradicts the relative property (T) assumption. Indeed, suppose that 0 = f ∈ L 2 (Â, ν n ) satisfies η(a)f (η) = f (η), for all a ∈ A, for ν n -a.e. η ∈Â. Since ν n ({e}) = 0, we could find η = e such that f (η) = 0 and η(a)f (η) = f (η), for all a ∈ A, which is a contradiction.
(B). Topologies on the space of actions and rigidity. Let Γ be a countable discrete group and let (X, µ) be a standard probability space. On the space of measure preserving actions Γ σ (X, µ) (denoted A Γ ) there are two natural topologies:
• the uniform topology: a sequence σ n ∈ A Γ converges uniformly to σ ∈ A Γ if lim n→∞ µ({x|σ n (γ)(x) = σ(γ)(x)}) = 1, for all γ ∈ Γ, and
• the weak topology: a sequence σ n ∈ A Γ converges weakly to σ ∈ A Γ if lim n→ µ(σ n (γ)(A)∆σ(γ)(A)) = 0, for every Borel set A ⊂ X and all γ ∈ Γ.
The next result relates these topologies to the notion of rigidity for actions. 
Now, assume for simplicity that s = 2 and fix a measure preserving action σ of F 2 = a, b on [0, 1]. This means that we are given two measure preserving automorphisms of [0, 1], denoted a and b. Fix N ≥ 1 and for every k ∈ {0, ..,
2 N ). Also, fix ε > 0. Using [Ke08, Theorem 2.1] we get that there exists m ≥ N and two cyclic dyadic permutations a ′ and b ′ of rank m such that
Further, recall that F 2 admits a free, measure preserving action on T 2 whose restriction to any free subgroup of F 2 is ergodic and rigid (see 1.3.5). Thus, there exists an action of
To complete the proof, it suffices to show that the actionσ of F 2 on [0, 1] given bỹ a andb is free, ergodic, rigid and close to σ in the weak topology. The latter assertion follows by combining (6.a) with the equalitiesã(
N }, and the fact that ε and N are arbitrary. Since σ is free, we get thatσ is free.
To prove thatσ is ergodic, let A ⊂ [0, 1] be aσ-invariant set. Observe that for large enough l we have that a
for all k and all x ∈ A k . The group generated by a ′′ l and b ′′ l is a free subgroup of F 2 = a ′′ , b ′′ , therefore by our assumption it acts ergodically on A 0 . By combining the last two observations, we deduce that A is of the form ∪ k∈S A k . Since a ′ comes from a cyclic permutation of {1, .., 2 N }, we must have that S is equal to either ∅ or {1, .., 2 N }, which proves thatσ is ergodic. Finally, denote by R the equivalence relation induced byσ on [0, 1]. In order to show thatσ is rigid, it suffices to prove that R is rigid, or, equivalently, that R |A 0 is rigid ( [Po06] ). But R |A 0 contains the equivalence relation generated by a ′′ l and b ′′ l on A 0 , for large enough l. Since the latter is rigid, by assumption, the proof is complete.
(C). Applications of the main result. Let S be the equivalence relation induced by the action SL 2 (Z) (T 2 , λ 2 ). Our main result (Theorem 3.1) asserts that any nonhyperfinite, ergodic subequivalence relation R of S is rigid. Since rigid equivalence relations have countable symmetry groups, we deduce the following (for the definition of the fundamental and outer automorphism groups of ergodic equivalence relations and II 1 factors, see e.g. For the moreover part, notice first that R is treeable (being a subequivalence relation of the treeable equivalence relation S, see [Ga00, IV.4. and VI.9.]). As R is also nonhyperfinite we get that it has (finite) cost greater than 1 ([Ga00, IV.2.]). The fact that F (R) = {1} is then a consequence of the induction formula for cost ([Ga00, II.6.]). Now, since SL 2 (Z) has Haagerup's property, by [Po06, 3.1.] we get that L(S) has property (H) relative to L ∞ (T 2 , λ 2 ). Thus L(R) has property (H) relative to L ∞ (T 2 , λ 2 ) and since R is rigid, [Po06] implies that F (L(R)) = F (R) = {1}.
Let us mention that if R is a rigid equivalence relation on a probability space (X, µ) that moreover satisfies the hypothesis of Proposition 2.2 (which is the case for all known examples of rigid equivalence relations R), then one can give an ergodic-theoretic proof of the fact that the outer automorphism group of R is countable. Indeed, if Out(R) = Aut(R)/[R] is assumed uncountable, then we can find a sequence θ n ∈ Aut(R)\ [R] which converges to id X in the weak topology on Aut(X, µ). Let ν n ∈ M(X × X) be given by X×X f dν n = X f (θ n (x), x)dµ(x), for all f ∈ B(X × X). We leave it to the reader to check that the sequence ν n verifies all the conditions in 2.2., which leads to a contradiction. Proof. To show that R A is ergodic, let f ∈ L 2 (T 2 , λ 2 ) be a R A -invariant function. Since f is in particular a-invariant, we deduce that there exists g ∈ L 2 (T, λ) such that f (z 1 , z 2 ) = g(z 1 ), for almost every (z 1 , z 2 ) ∈ T 2 . Since f is also invariant under b |T×A , we get that g must satisfy g(z 1 ) = g(z 1 z −2 2 ), for almost every (z 1 , z 2 ) ∈ T × A. Further, if we denote B = {z −2 2 |z 2 ∈ A}, then λ(B) > 0 and we derive that g |zB is constant, equal to g(z), for all z in a co-null subset C of T. Thus, if z, z ′ ∈ C are such that λ(zB ∩ z ′ B) > 0, then g(z) = g(z ′ ). Finally, since for every z, z ′ ∈ C, we can find a sequence z = z 0 , z 1 , .., z n = z ′ in C such that λ(z i B ∩ z i+1 B) > 0, for all 0 ≤ i ≤ n − 1, we get that g is constant on C. As C is co-null in T, g follows constant almost everywhere, which proves that R A is ergodic. Now, to show that R A is rigid, by Theorem 3.1 it suffices to argue that R A is not hyperfinite. By [Ga00, IV.15.] the cost of R A is greater that 1. On the other hand, any ergodic, hyperfinite equivalence relation has cost equal to 1.
(D). On the proof of the main result. By convention, we say that a Borel equivalence relation R on a standard Borel space X is hyperfinite if it is hyperfinite with respect to any Borel measure µ on X.
A. Kechris has suggested a different way of deriving Step 4 in the proof of Theorem 3.1. His argument is based on the following:
Claim. The action of SL 2 (Z) on M := M(P 1 (R)) induces a hyperfinite equivalence relation.
Assuming this claim for the moment, recall that Steps 1-3 of the proof of 3.1 show that if R is an ergodic, non-rigid subequivalence relation of S, then there exists a Borel map ν : T 2 → M such that for all θ ∈ [R] we have that ν θ(x) = w(θ, x) * ν x , for λ 2 -almost every x ∈ T 2 . As in Step 4 of the proof of 3.1, we aim to show that R is hyperfinite.
If we assume by contradiction that R in not hyperfinite, then [Oz08] implies that R is strongly ergodic (for the precise definition of strong ergodicity, see the next remark). On the other hand, if µ denotes the push-forward measure ν * (λ 2 ), then the above claim shows that M is hyperfinite with respect to µ. Using the appendix of [HjKe05] , we get that the SL 2 (Z)-orbit of ν(x) is constant, for almost every x ∈ T 2 . In particular, we can find A ⊂ T 2 Borel with λ 2 (A) > 0 and ρ ∈ M such that ν(x) = ν(y) = ρ, for all x, y ∈ A. Thus, if x ∈ A and θ ∈ [R] are such that θ(x) ∈ A, then w(θ, x) is in the stabilizer ∆ of ρ in SL 2 (Z). This shows that the restriction of R to A is included in the equivalence relation induced by ∆ on T 2 . Finally, since ∆ is amenable, we get that R is hyperfinite ( [CFW81] ). Now, turning to the proof of the claim, recall that the action of SL 2 (R) on M is smooth ([Zi84, 3.2.6]). Thus, to get the claim, it suffices to show that for every ρ ∈ M, the action of SL 2 (Z) on the SL 2 (R)-orbit X(ρ) of ν induces a hyperfinite equivalence relation. Now, the action of SL 2 (Z) on X(ρ) can be identified with the action of SL 2 (Z) on SL 2 (R)/G(ρ), where G(ρ) denotes the stabilizer of ρ in SL 2 (R). Since G(ρ) is amenable (by [Zi84, 3.2.22]), the latter action is amenable in the sense of Zimmer ([Zi84, 4.37]). Thus, by Connes-Feldman-Weiss' theorem ( [CFW81] ), it induces a hyperfinite equivalence relation, which altogether proves the claim.
6.5 Remarks. (a). Recall that a countable, ergodic, measure preserving equivalence relation R on a probability space (X, µ) is strongly ergodic if there exists no sequence {A n } n≥1 of Borel subsets of X such that µ(A n ) = 1 2 , for all n, and lim n→∞ µ(θ(A n )∆A n ) = 0, for all θ ∈ [R]. It is not known whether rigidity implies strong ergodicity for equivalence relations (this question has been communicated to me by S. Popa). An affirmative answer to this question together with Theorem 3.1 would provide a different proof of N. Ozawa's result saying that any ergodic, non-hyperfinite subequivalence relation R of S is strongly ergodic (see [Oz08] and [CI08] ).
(b). G. Hjorth has very recently shown that there are uncountably many treeable equivalence relations up Borel reducibility ( [Hj08] ). His proof is closely related in spirit with our proof of Theorem 3.1. In both proofs, one exploits in a key way the properties (topological amenability, hyperfiniteness) of the action SL 2 (Z) P 1 (R) which appears in both situations as a 'limit action".
